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1  .^Introduction 


A  finite  sequence  of  random  variables  £= ( ^ , . . . , £  )  is  said  to  be 
exchangeable ,  if  every  permutation  has  the  same  distribution,  i.e.  if 

( Cu  #•••»  =  ( fi » •  •  •  i ?  )  (1) 

kl  ^n  1  n 

for  every  permutation  (k..  , — ,k  )  of  (l,...,n).  For  infinite 

i  n 

sequences,  we  require  the  same  property  for  every  finite  subsequence. 
It  is  easy  to  see  that  exchangeability  of  an  infinite  sequence 
£= ,%2 >  • • • )  implies  that 

( »  •  •  • )  =  (  >  %2 ' "  *  ■  ^  '  k^<.kj^ •••  (2 ) 

h  sequence  satisfying  (2)  is  said  to  be  spreadable. (Kingman  (1978) 
calls  (2)  the  selection  property,  while  Aldous  (1985)  refers  to  (2) 
as  the  property  of  spreading-invariance . ) 

de  Finetti's  (1937)  celebrated  theorem  states  that  an  infinite 
exchangeable  sequence  is  mixed  i.i.d.,  in  the  sense  that  its 
distribution  is  a  mixture  of  distributions  of  i.i.d.  seouences. 


Ryll-Nardzewski  (1957)  noticed  that  the  same  conclusion  follovrs 
from  the  weaker  assumption  of  soreadability .  Both  results  are  in 
fact  simple  (though  remarkable!)  corollaries  of  the  mean  ergodic 
theorem.  In  proposition  2.1  below,  we  shall  show  that  the  same 
argument  yields  an  even  stronger  result. 

We  proceed  in  Proposition  2.2  to  restate  the  above  results 
in  terms  of  stoppinc  times  and  martingales.  In  particular,  a  sequence 
£  is  spreadable  iff  =  £  for  every  Z+-valued  stopping  time  T 

(extensive  use  of  this  result  was  made  in  [llj ) ,  or  equivalently, 


iff  the  prediction  sequence 


*»  *  »«♦> 


is  a  measure  valued  martingale.  Here  F=  (7^ , . . . )  is  the 
filtration  induced  by  4  (so  r*j  j.s  trivial)  ,  stopping  times  are 
defined  with  respect  to  r,  and  ©q,'©^,...  denote  the  shift  operators 


on  P.  . 


The  stopping  time  condition  above  characterizes  exchangeability 
in  terms  of  certain  randomly  selected  subsequences.  More  generally, 
one  may  look  for  conditions  on  the  random  indices  7^,7^,...,  such 
that 

,  •  •  •)  -  (f,  (4) 

tl  L2  12 

implies  that  ^  is  exchangeable.  Another  instant  when  (4)  implies 
exchangeability  (for  stationary  £)  is  that  of  thinning ,  where  the 
elements  of  £  are  selected  independently  with  a  fixed  probability 
p€ (0,1) .  This  result  (Proposition  2.3)  is  closely  related  to  a  result 
in  point  process  theory  (cf.  [l2] )  ,  where  mixed  ^oisson  processes 
are  characterized  in  terms  of  thinning. 

Section  3  deals  with  the  converse  problem  of  finding  general 
conditions  on  T ^ , . . . ,  such  that  (4)  holds  for  a  given  exchangeable 
sequence  £.  If  ?  is  infinite  and  i.i.d..  we  may  e.g.  take  , . . . 

to  be  any  strictly  increasing  sequence  of  predictable  stopping  times. 
-.Recall  that  a  stopping  time  T  is  predictable ,  if  T-l  is  a  stepping 
time  in  the  usual  sense.)  This  result  is  well-known  to  gamblers 
(or  at  least  it  ought  to  be!),  and  the  first  formal  proof  appears 
in  Doob  (1936).  Our  main  result  in  Section  3  states  that  (4)  is 
true  for  arbitrary  a.s.  distinct  predictable  stopping  times 
7”i ,  ^ ,  .  .  .  ,  whenever  ^  is  a  finite  or  infinite  exchangeable  sequence. 
Note  in  particular  that  the  TV  may  form  a  random  (but  predictable) 
permutation  of  the  indices  of  £,  since  no  requirement  is  made  on 
the  order . 

The  above  result,  which  generalizes  Theorem  5.1  in  [11],  has 
the  most  surprising  consequences  for  finite  games  (e.g.  card  games, 
lotteries,  sampling  from  finite  populations) ,  as  shown  by  examples 
in  [13].  For  the  sake  of  applications  (but  also  for  the  proof),  it 
is  useful  to  introduce  the  associated  allocation  sequence 


given  by 


=  inf{j:  T-=kJ>,  k*l,2,... 


k  — -3 

(Here  inf  0  means  *0 ,  as  usual.)  Note  that  the  finite  values  of 


(5) 


<*1 , °<2 »  .  •  •  are  a.s.  distinct,  and  that  o. ^  is  rj^-measurable  by 


assumption  for  each  k.  Informally,  the  element  ^  is  moved  to  a 


new  position  which  is  only  allowed  to  depend  on  the  past 
history  ( ^ , . . . , .  Note  that  ^  is  discarded  for  the  new 


sequence  if  cx^=«o. 


Sections  4  and  5  deal  with  the  corresponding  problems  in 
continuous  time.  A  process  X  defined  on  I=[o,l]  or  R+  is  said  to 
be  exchangeable,  if  X0=0,  if  X  is  continuous  in  probability  at 
every  t€I,  and  if  the  increments  of  X  over  an  arbitrary  set  of 
disjoint  intervals  of  equal  length  form  an  exchangeable  sequence. 
In  that  case,  we  may  (and  will)  choose  a  version  of  X  which 
is  right-continuous  with  left-hand  limits.  If  I=R+,  the  analogue 
of  de  Finetti's  theorem  states  that  X  is  a  mixture  (again  in  the 
distributional  sense)  of  Levy  processes.  For  I=[o,lj,  we  have 
instead  the  more  general  representation  (cf.  £9]) 


(6) 


;<t  =  «t  +  cjpt  +  1  (i-.Tji.t}-t) ,  te[o,iJ, 

(1^-1  denoting  the  indicator  function  of  the  event  within  brackets), 
where  B  is  a  Brownian  bridge,  while  ^ •  are  random 

variables  uniformly  distributed  on  [0  ,  l]  ,  and  •>  ,<r,  (3^  ,  (l^ ,  .  .  .  are 


arbitrary  random  variables  satisfying  cr>0  and  ^  (V  <  cx> ,  the  three 


objects  B,  (T1,T2,...)  and  (*,  cr,  ,{1^  ,  . .  . )  being  independent.  We 
shall  write  fl  for  the  point  process  *  an<^  saY  that  X  is  directed 


2  ;  3 
by  the  triple  (oc,<7  ,^3)  .  Note  that  X  is  a  mixture  or  ergodic 


exchangeable  processes  (6) ,  where  «,  cr  and  /3  are  non-random. 

Exchangeable  processes  will  be  seen  to  be  semimartingales. 


29 


In  Section  4,  we  shall  essentially  characterize  the  exchangeability 
of  a  semimartingale  X  in  terms  of  its  local  characteristics  (as 


sT’tcS.TA  f  »-T< V* 


rrrrrrr*;rT-r 
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defined  inf7,8l).If  X  is  exchangeable  and  integrable,  the  latter 
will  be  absolutely  continuous,  with  densities  which  form  martingales 
with  respect  to  the  filtration  induced  by  X.  Conversely,  a  semi¬ 
martingale  X  on  P+  with  the  above  property  can  be  shown  to  be 
exchangeable,  provided  that  X  has  stationary  increments,  and  a 
similar  result  (related  also  to  Theorem  3.3  in  [’ll}  )  will  be  proved 
for  processes  on  [0,1}.  A  related  characterization  of  mixed  Poisson 
processes  has  been  obtained,  independently,  by  Heller  and  Pfeifer 
(1985)  . 

The  continuous  time  counterpart  of  the  predictable  sampling 
theorem  of  Section  3  is  stated  in  Section  5  in  terms  of  stochastic 
integrals.  More  r.recisely,  the  allocation  sequence  in  (5)  is  now 
replaced  by  an  allocation  process  V,  which  is  predictable  and  a.s. 
measure  preserving,  at  least  on  some  suitable  subinterval  J  of  the 

index  set  I.  (Thus  XV  1=A  on  J  a.s.,  where  A  denotes  Lebesgue 

*1 

measure.)  Given  X  and  V,  v/e  may  define  a  new  process  XV  on  J  by 
(XV~1)t  =  J  i(vs<t}dxs,  tcJ.  (-;■ 

The  main  result  of  Section  5  (which  generalizes  Theorem  5.2  in  [  1 1 J  ' 
states  that  X  and  (a  suitable  version  of)  XV  ^  have  the  same 
distribution  on  J,  whenever  X  is  exchangeable.  As  in  the  discrete 
time  case  there  are  some  rather  surprising  amplications  of  this 
result,  which  are  discussed  in  [13].  The  result  has  also  proved 
useful  in  establishing  representations  of  stable  integrals,  but 
this  will  be  discussed  elsewhere. 

We  now  turn  to  discuss  some  technical  extensions  of  the  above. 

Our  first  point  concerns  the  choice  of  filtration.  For  many 
purposes,  one  needs  to  introduce  some  more  general  filtration  'r 
‘•han  the  one  generated  by  the  sequence  or  process  under  consideration. 
Following  [1 1]  ,  we  shall  then  say  that  a  sequence  £  is  r-- exchangeable , 


if  £  is  adapted  to  r,  and  if  ©n*§  is  conditionally  exchangeable, 
given  ?  ,  for  every  n€Z+.  The  latter  condition  means  of  course 
that  the  shifted  sequence  should  a.s.  be  exchangeable  under  the 
conditional  probability  law.  It  is  easy  to  check  that  an  ‘r- 
exchangeable  sequence  is  exchangeable,  and  that  the  two  notions 
are  equivalent  in  the  case  when  T  is  induced  by  £.  Most  of  the 
results  described  above  extend  without  effort  to  the  above  more 
general  setting.  In  particular,  this  is  true  for  the  predictable 
sampling  theorem,  where  one  may  hence  allow  for  independent 
randomizations  in  each  step,  in  the  construction  of  (o^) . 

The  continuous  time  case  is  similar.  For  technical  reasons 
ve  shall  only  consider  standard  filtrations  satisfying  the 
usual  conditions  of  right  continuity  and  completeness  (so  that 
'?t=  for  all  t,  while  contains  all  null-sets  in  a  completion 
of  V  ?) .  In  particular,  the  filtration  induced  by  X  is  defined 

as  the  smallest  standard  filtration  making  X  adapted.  Defining 
'.••-exchangeability  as  before,  v/e  have  the  same  relationship  to 
the  usual  notion  of  exchangeability  (cf.  [Ill) • 

A  second  point  concerns  the  predictable  sampling  theorem 
discussed  above.  In  many  applications,  the  sample  size  is  random, 
and  there  may  be  no  obvious  way  of  extending  the  given  sequence 
of  stopping  times  to  a  sequence  of  fixed  length.  In  that  case, 
we  can  still  prove  that  the  sampled  sequence  rj  can  be  embedded 
in  distribution  into  the  original  sequence  ^  (which  we  denote  by 
cf.  [HJ  )  .  By  this  is  meant  that  rj  can  be  continued,  by 
randomization  or  otherwise,  to  a  sequence  yj’  of  the  same  length 
as  ^  and  such  that  yj’  =  ij.  A  corresponding  extension  exists  in 
the  continuous  time  case,  with  a  similar  definition  of  embedding. 
Note  that  the  above  construction  of  may  require  an  extension 
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of  the  original  probability  space. 

A  simple  way  of  proving  the  embedding  y^c  {■  is  to  construct, 

J  ^ 

on  some  suitable  probability  space,  a  sequence  £'  =  £  and  a  Z  - 
valued  random  variable  1  ,  such  that 

<$i . =  V  (8) 

(where  the  left-hand  side  should  be  interpreted  as  when  y'=x>). 
In  continuous  time,  it  is  convenient  first  to  extend  the  definition 
of  the  sampled  process  Y,  originally  given  on  some  random  interval 
[0,0  ,  by  putting  Y  = ?  for  t>$,  where  b  denotes  an  auxiliary  coffin 
state .  We  may  further  define  the  killing  operators  k£  by 


(ksf)t  « 


sctfel , 


s>tel , 


defined  fcr  functions  f  on  I=[0,lJ  or  R  ,  and  for  numbers  sel^so}. 
In  order  to  prove  that  Y  X ,  it  is  then  enough  to  construct,  on 

some  suitable  probability  space,  a  process  X'  =  X  and  a  random 

d  d 

variable  <■'  =  C,  such  that  k^,-X'  =  Y. 

The  above  statements  are  simple  consequences  of  the  following 

randomization  lemma. 


Lemma_l . K  bet  €  and  ^  be  randor  elements  on  some  probability 
space  (A, p)  and  taking  values  in  the  spaces  S  and  T,  where  s  is 
separable  metric  while  T  is  Polish.  Assume  that  £  =  f  (vj)  for  some 
measurable  function  f .  T — *■  S.  Then  there  exists  some  random  element 
▼}'  =  rj  on  ( Six  [0,1],  P*  A  )  ,  such  that  £;=f  )  a  .  s .  Pa  A  . 

Proof .  It  is  enough  to  prove  the  result  for  T=R ,  since  it 
will  then  extend  immediately  to  the  case  of  linear  Borel  sets,  and 
next,  by  Borel  isomorphism  (cf.  [l],  p.50),  to  arbitrary  Dolish 
spaces.  For  T=R,  we  may  choose  a  regular  version  of  the  conditional 
probabilities 


stS 


jis  =  p[t)€  •  J  f  (tj)  Cds^  , 

and  define 

v)’  (>o,x)  =  sup^y:  y  (~»,y]<x]-,  wtn,  xt[0,l]. 

It  is  easy  to  check  that  rj'  is  measurable  and  satisfies  (^,rj')  = 

2 

(f(rj),>j).  Since  S  is  separable,  the  diagonal  in  S  is  measurable, 
so  we  get 

l{S=f(>p}  =  l{f  (>))  =f  (vj)}  =  1, 

which  shows  that  £=f(*j')  a.s.  Q 

Let  us  conclude  with  some  remarks  on  literature.  Though  the 
present  paper  is  formally  self-contained  as  far  as  exchangeability 
theory  is  concerned,  we  recommend  Kingman's  (1978)  paper  and  Aldous ' 
(1985)  lecture  notes  for  introductory  reading.  Pome  further  background 
on  the  continuous  time  theory  may  be  found  in  £9,10,11]  .  Standard 
results  from  stochastic  calculus  and  weak  convergence  theory  will 
often  be  used  without  explicit  references,  and  for  these  the  reader 
may  e.q.  consult  Jacod  (1979,  1985)  and  Billingsley  (1968). 


2i_SgE§iiiQ9_gb§giStf Eiz|£iSD| 

Let  us  first  show  how  ae  Finetti's  and  Ryll -Nardzewski ' s  results 
follow  easily  from  the  mean  ergodic  theorem.  So  assume  that  £= 

(£l , ^ >  • • • )  is  spreadable,  and  let  the  functions  f^.f^,...:  R — *  R 
be  bounded  and  measurable.  Write  7  for  the  shift  invariant  cr-field 


in  P*1,  and  let  p  be  a  regular  version  of  ^Jj.  Then 

E7T  f  .(? .)  =  e? I  fj(?jn+i)}  —FTTpf 

j-1  D  D  j  =  lln  i=l  ]  1)11+1  j  j=l'  D 


as  n— >c>o ,  by  the  ergodic  theorem  (where  the  convergence  is 
clearly  uniform  under  shifts)  plus  dominated  convergence.  Fere 
and  below,  pf=Jfdp.  The  proof  is  completed  by  a  monotone  class 
argument.  (Essentially  the  same  proof  yields  the  usual  conditional 
forms  of  de  Finetti's  theorem,  cf.  [1].) 

We  shall  use  the  same  method  to  prove  the  following  stronger 
result . 


2E2gg|ltign_|i2i  Let  p  = ( ^ >  • • • )  be  a 


stationarv  seauence 


of  random,  variables  satisfying 


(*1 - '^n'^n+21  ~  (?1 . V' 


n+1'  ' 


n£Z  .  . 


Then  is  exchangeable. 


First  proof .  Extend  £  to  a  doubly  infinite  stat 
»£_1 » fg / > . . . »  and  conclude  from  (1)  that 

(  ‘  '  '  '  5V?n+2)  =  (  •  •  •  •’ ?n' ^n+]  }  ’  neZ- 


lonarv  secuence 


Iterating  this  result  vields 


‘**'^n'^n+k)  •  ‘  -  •  '  ^n  '  ^n-M  ’  '  nt7, 

Lettina  q  and  f^,f^,,...  be  bounded  measurable  functions  on  p' 


and  writ  me 


*■  "*  lnc  ’  '  •  •  •  >  ^  .. i  ’  '  •} )  >  v’e  °ct  by  the  L-,  eraodic  theorem 

_  *yyl  k+n-1 

E'  c(^  !'<  f^(^)  =  ~  off  )  / i  Z  f.  (?.  )) 

:  =  i  -  J  j  =  ]  j  n  i*v  J  2 

kpl 

— *  r  c(f")  ,  {  f  (c;)  Uf,  . 


Since  j}  is  s  -measurable  by  the  law  of  large  numbers,  we  may 
continue  recursively,  until  v»e  get  after  k  steps 


F  o  )  1 1  =  F  g(0  /'(  pfi 

j=l  J  J  j=l 

Thus  the  conclusion  fellows  as  before. 

We  may  also  give  a  simple  martingale  proof,  in  the  spirit  of 
Aldous  (1985),  p.  22. 

Second  proof.  It  is  convenient  to  reflect  the  index  set  in 
the  origin,  so  we  may  assume  instead  that  %  is  stationary  and 
satisfies  {■  =  By  iteration  and  stationarity ,  we  get 

Vi‘«  -  s  <W«>'  k<-n- 

so 

E[f(Ck)  -  Ep<sk).vO  ’  E.'fi?,)' veJ'  k-n’ 

for  any  bounded  and  measurable  function  f.  By  Lemma  3.4  in  fl] , 
the  left  equality  must  also  hold  in  the  a.s.  sense,  and  we  get 


as  n— *.>o 


E[f  U"k)  '  Gj/Sj  =  E[f(4’1)  "~J  =  uf  a.s., 


where  ^denotes  the  tail  a-  field  of  $.  Letting  be  bounded 

and  measurable,  we  hence  obtain  by  iterated  conditioning 

Li~ f < =  E:7£:fk(4)  v?j  Er^ufkl?]=  m  afk. 

k — 1  k — 1  k — 1  k=l 

which  proves  that  £  is  conditionally  i.i.d.,  given  7". 

It  is  useful  to  restate  the  above  conditions  in  terms  of 
stopping  times  and  martingales.  For  the  sake  of  simplicity,  these 
will  here  be  defined  with  rescect  to  the  induced  filtration 

rn  =  a(^l  '  *  •  *  '*>n'  '  n€2+- 

Define  the  measure  valued  processes  C7T  )  and  (^  )  by 

n  n 

”n  =  p[pn#?e'^n^  An  =  P^n+1€  * <2 


m'O 


and  note  that  these  formulas  remain  true  when  n  is  a  finite  stopping 
time.  All  functions  below  are  assumed  to  be  measurable. 


E==£=li£^s==i=s£:  Let  €=  ( )  be  an  infinite  sequence  of  random 
variables,  and  define  Or  )  and  (>n)  b£  (2).  Wien  (i)-(iii)  and 
(i')-(iii')  are  sets  of  equivalent  conditions. 

(i)  %  is  spreadable, 

(ii)  0T'»  for  every  finite  stopping  time  T, 

(iii)  (7Tnf)  is  a  martingale  for  every  bounded  f:  P*°— »•  R; 

( i ’ )  $  satisfies  ( 1 )  , 

(ii')  ^r+l  =  ^1  for  every  finite  stopping  time  T, 

(iii')  Qnf)  is  a  martingale  for  every  bounded  f:  R — ••  R. 

The  fact  that  (ii)  with  a  general  filtration  r*  is  equivalent 
to  .--exchangeability  was  noted  with  a  direct  proof  in  [li]  , 

Theorem  2.1.  Condition  (iii')  in  mainly  interesting  because  of 
its  analogy  with  the  continuous  time  conditions  of  Section  4  below. 

Proof.  Condition  (iii)  means  that 

ELf(<W^):  AJ  =  ECf<Ve):  AJ'  A*v  nEV 

for  bounded  f :  R*5— >  R.  Ey  a  monotone  class  argument,  this  is 
equivalent  to 

(*1' - ^n'?n+2'^n+3'-*-)  "  **  n€Z+' 

from,  which  (i)  follows  by  iteration.  Thus  (i)«=?(iii)  .  Condition 

(iii)  is  further  equivalent  to 

E7TTf  =  E7T0f 

JO 

for  bounded  f:  R  — *■  R  and  for  finite  stopping  times  T.  This  may 
be  rewritten  as 

Ef  (6r'f)  =  F.f  (?)  , 

which  is  equivalent  to  (ii) .  Thus  ( ii)*"p (iii)  ,  so  (i)-(iii)  are 
equivalent.  A  similar  argument  proves  the  equivalence  of  (i')-(iii’).  Q 
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It  should  be  noted  that  Proposition  2.1  is  false  without  the 
hypothesis  of  stationarity .  For  a  simple  counterexample,  let 
^1'^2'“‘  take  the  values  0  or  1,  and  choose  P  \  f1  =  l}  =  l/4 .  Let  us 
further  assume  that  ^2 '^3'**’  are  conditi°naHy  i-i-d.,  given 


with 


Then 


’^n  1(^1^  =  6  +  3  ^1  •  n>1* 


1  A  '  " 

E^n+ll  ’  j  j  j 

l  J  +  Hr  n>0' 

is  a  martingale,  and  hence  so  is  f)  for  every  f:  {o,l}--*-R. 

Thus  (1)  holds  by  Proposition  2.2.  But  J;  is  hot  exchanaeable 
since  p{f1=l2=l}  =  l/8  while  F^?2=  ?3=l}  =1/12  . 

We  turn  to  the  thinning  characterization  of  exchangeability, 
mentioned  in  the  introduction.  For  a  formal  definition  of  thinning, 
let  £  be  an  infinite  random  sequence,  and  let  the  random  variables 
2> ' •  •  bG  and  independent  of  ^  with 

pi*i“i}  -  1  ~  pi\=°;  “  P'  ^N' 

for  some  p€(0,l].  Then  the  random  variables 

k 

T.  =  inf  ikeK :  L  K-  =  j  }  ,  jCN, 

J  i=l  1 

are  a.s.  finite,  so  the  sequence 

V1  =  (  ^7-  '  ?T"  '  *  *  *  ) 

is  a.s.  well-defined  and  will  be  called  a  p  thinning  of 

EE2E2f4£±gD_2i3i  Fix  p£(0,l),  and  let  e-  be  a  stationary 
sequence  of  random  variables  with  p-thinning  p.  Then  ^  is 
exchangeable  iff  ^  =  rj. 

First  proof.  By  iteration,  we  get  the  same  property  with  p 
replaced  by  pn,  nCN,  so  we  may  take  p  arbitrarily  small.  Fix  m,n€N 
with  men,  and  note  that 
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hrjQ1iVkj'|'W"+1J  =  O'1- 

for  all  k,<...<k  <n.  Lettina  f .,...,  f  :  R — >R  be  bounded,  we  qet 
1  ip—  l  ip 


as  in  Kingman  (1978),  p.  188, 


p  -i  rc 

liir.  E  ,  i  f(n.)/T  =n+l/  =  E  JT  uf./ 

n*»  Lj=l  lj  m+1  J  1  =  1'  3 


where  uf=E^f  ;  jJ  .  Since  as  P“*  0  ,  it  follows  that 

in  m  ip.  m 

ETT  f(^)  =  ETT  f(7j)  =  e  E/"77f J  -  Ejr»f  . 

3=1  J  3=1  u  3  =  1  J  -1-1  3  =  1  J 

which  implies  that  £;  is  exchangeable. 

For  readers  aquainted  with  random  measure  theory,  we  shall 
outline  an  alternative  proof,  exhibiting  the  relationship  with 
thinning  of  point  processes.  Here  and  for  the  remainder  of  this 
section,  we  shall  use  the  terminology  and  notation  of  [12] . 


Second  proof  of  Proposition  2.3.  Introduce  the  marked  point 


process 

-w  iO 

4  =  X.  f  )  ' 

3  =  1  U'V 

and  construct  another  point  process  r]^  from  £;  by  a  p-thinning 
followed  by  a  scale  contraction  by  a  factor  p-"1’.  Note  that  the 

successive  marks  of  rj^  are  given  by  rj  =  rj^.  Let  us  further  construct 

— 1  *  — • 

Sp  by  a  p  -contraction  of  the  random  measure  p£.  As  before,  we 

may  let  p — *  C  along  a  sequence.  By  the  ergodic  theorem,  we  get 
^  v  -V 

Sp — *  [i*A  a.s.,  for  some  random  probability  measure  p  on  R,  so 

Theorem  8.4  in  [12]  yields  ’rjp^-+  vj'  ,  where  vj'  is  a  Cox  process 

directed  by  jj*}.  It  follows  by  continuous  mapping  that  £  = 
d 

— •>  ,  where  r^'  is  the  sequence  of  successive  marks  of  .  It 

remains  to  notice  that  rj’  is  conditionally  i.i.d.  p . 

We  conclude  this  section  by  stating  an  analogous  point  process 
result,  which  follows  easily  by  a  similar  argument.  Recall  that  a 


5 

5 

Y 

y 


7.C 


m  »  •  •  *  «  *  ' 


v  ■«*  < 


••  v  *•  V  ’-v  /  V  V  > 


SSSSSw 


marked  point  process  on  R+  is  exchangeable  (in  the  sense  of 
Chapter  9  in  [12J  ) ,  iff  it  is  a  mixture  of  stationary  Poisson 


processes . 


E5§ESiiSi§B=iii±  Fix  Pt(0.1>.  let  ^  be  a  stationary  marked 
point  process  on  R+,  and  let  ^  be  obtained  from  $  by  a  p-thinnin 
followed  by  a  scale  contraction  by  a  factor  p-^.  Then  £  is 


exchangeable  iff  E, 


3  .__Predictable_sam]oling 


Here  we  shall  prove  the  fact,  already  mentioned  in  the  introduction 
that  the  distribution  of  an  exchangeable  sequence  is  invariant 
under  predictable  sampling.  To  facilitate  access,  we  begin  with  the 
special  case  when  the  sampled  sequence  has  fixed  length.  Fix  a 
filtration  T=  ,  7^  ,  .  . . )  . 


e=i==iE=====  k® t  ^  be  a  finite  or  infinite  r~ exchangeable 
sequence  with  index  set  I ,  and  let  T  ,Zy  be  a.s.  distinct 

I- valued  predictable  stopping  times.  Then 

(5_  *•••*€_  )  s  S,.)  •  (1) 


,  .  •  •  •  /  ?_  )  -  ( §1 1  ♦  ♦  • » )  • 
ri  "k  1  k 


'’roof.  Let  us  first  consider  the  case  when  £={£.,  .  ...,r  )  is 
-  ■»!  >n 


finite  and  k=n.  Let  , 


,c\  be  the  allocation  seauence  associated 
n 


with  ,  and  note  that  the  two  sequences  are  inverse  random 

permutations  of  the  integers  l,...,n.  Define  for  each  nt{o,...,nj 

another  random  permutation  (<*  .)  b’-’  nutting  a.  .  =  a.  for  i<.r  ,  and 

mg  ■  m  g  g  "  — 

then  recursively 

X  .  =  uin(?l  V.x  )  ,  j=m+l,...,n. 

mg  1  g  - 1  -■ 


Note  that  uc.  is  r  -measurable  for  each  j,  and  that  s  . 

mg  m- 1  J  mg  m-1 

whenever  j<m .  Using  the  T-  exchangeability  of  we  get  for  any 


.  =  a. 


bounded  measurable  functions  f f 

l  n 


n  _  _n_ 

*7 \£ck  e  Tx  f 

g=l  mj  J 


L  j  =  l  °Snj  In"1‘ 


=  E 


TTf,  .(fj)  e[7T^ 

g<m  mg  J  g>m  mg  J  J 


■> 


mg 


=  F  /if 


o. 

j<m 

n 

77  f.. 


m- 1 ,  g  J  l,g>m  m-l,g  J  J 


-  E  "0  ,  .(5j> 

g=l  m-1,3  J 


Summing  over  m=l,...,n,  and  noting  that  cx  .=<\  while  =  j,  we 
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hence  obtain 

E  rr  f,($T  )  =  E  77  f  (4.)  =  E  7T  f  .,<£*>  • 
j-1  3  Tj  j=l  j  3  j-1  3  3 

The  assertion  now  follows  by  a  monotone  class  argument. 

If  instead  k<.n,  we  may  extend  the  sequence  (T )  by  putting 
recursively 


=  min(N 


j — k+1 , • * . , n  < 


The  assumptions  are  then  fulfilled  by  the  extended  sequence,  so 

£r  )  *  (£]_»  —  *  ' 

1  n 

which  implies  the  same  result  for  the  first  k  components. 

Let  us  finally  assume  that  £  is  infinite.  We  then  define  the 
predictable  stopping  times  Tn ^ ,  for  nfeN  and  j  =  l,...,k,  by 


1  n  3~  1 


Lj' 

n+j 


tj<n, 

T\>n. 


(2) 


Since  T 


nl ' ’ ' * '  nk 


are  a.s.  distinct  and  bounded  by  n+k,  we  may 


apply  the  result  in  the  finite  case  to  the  subsequence  , . . . , 
to  obtain 

r  •  •  •  /  s»  )  =  (si  <  •  •  •  i  • 

vnl  'nk  1  K 

But  then  the  same  relation  must  be  true  for  T^,...,T^,  since 


V 


T\  for  each  j,  as  we  let  n— *oo. 


We  turn  to  the  general  result,  where  the  length  of  the  sampled 
sequence  is  allowed  to  be  random.  Recall  that  the  graph  of  a  random 
time  T  is  the  random  set  ■[too:  Recall  also  the  definition 

of  c  from  Section  1. 

Let  ^  be  a  finite  or  infinite  ^-exchangeable 
sequence  with  index  set  I,  and  let  Tj,T, ...  be  (I  ufae))  -  valued 
predictable  stopping  times  with  a.s.  disjoint  graphs.  nut  = 
inf{j>0:  Tj  +  1=«>} 

•  ?hen 

(  4—  i  •  •  •  /  )  C  ( 3 ) 

T1  * 


.V  V  V  V  *  •  •  •  *  .  * 


Note  that  the  left-hand  side  of  (3)  should  be  interpreted  as 


the  infinite  sequence  ( ,5  ,...)  when  v>=  oe .  The  above  result 

-1 


was  obtained  for  increasing  (Tj )  in  Theorem  5.1  of  fll]  ,  by  a 
cumbersome  direct  argument. 


Proof .  We  may  clearly  assume  that  T^=  *  for  j>^.  Consider  first 


the  case  when  ^ , . . . , is  finite.  Define  a  new  allocation 
sequence  (<x£)  recursively  by 


=  { 


r  *k' 


max  (  ^1  f  .  .  .  r  n  v  ^  ^  ^1 r  *  *  *  ^  r )  t  ^ 


The  inverse  permutation  (T^,...,T^),  given  by 


(T-=k]  =  {*y.=j\.  j  /k=l,  .  .  .  ,n, 


will  then  satisfy  the  requirements  of  Theorem  3.],  and  moreover 


7  =  T.  for  so  we  get 

3  3  ~ 


.)  , 


(  S-  '  *  "  "  '  1  '  •  •  •  '  ^  (  C-i  »  •  •  •  f  ? _  ) 

C1  ^+1  L  n  1  n 

proving  ( 3)  . 

It  remains  to  consider  the  case  when  £  is  infinite.  Defining 


~  .  as  in  (2)  ,  we  aet  by  Theorem  3.1 
n3 


on  =  >  ♦  • 

‘  nl  n2 

Let  us  further  write 


vn  =  infi3>0; 


cj  +  l>nl' 


n*N, 


and  note  that  y’ 


v'.  Note  also  that 


(V)n] 


»  •  •  •  f 


,'V\. 


-  ( •  •  •  •  t 

T1  T> 


?  ?  ) 

r  '  r  *  i  •••  f  r 


(5) 


n 


since  T  .  =  T\  for  j<i>  . 
n3  3  n 


The  seauence  of  oairs  (n  ,V  )  is  trivially 

In  n 

d 


tight  in  R  so  ( .  v1^)  — *  some  ( vj *  ,v>’)  along  a  suitable  subsequence 

j 

v/here  rj*  =  ?  by  (4)  .  Letting  n— f-oo  in  (5)  ,  and  noting  that 


(X^,X2  ,  .  .  .  *k)  ~  ^  (X^r'^.rXj^r^r^r...) 


defines  a  continuous  mapping  from  P^aiT  to  ,  v/e  oet  in  the 


limit 


y^vswvvvi 


4±_gartiDgili_£bi5i£ti£iii|iQDi_ig=eggtigyQas_£iine 
The  main  purpose  of  the  present  section  is  to  discuss  a  continuous 
time  counterpart  of  condition  ( i i i ' )  in  Proposition  2.2,  and  its 
bearing  on  the  exchangeability  of  a  process  on  [0 ,  lj  or  R  .  Recall 
from  Propositions  2.1  and  2.2  that  fiii'}  is  equivalent  to 
exchangeability,  for  a  stationary  sequence  of  random  variables. 

Before  indulging  in  the  main  theme,  we  remark  that  most  methods 
and  results  related  to  the  notion  of  spreadability  carry  over  rather 
easily  to  the  context  of  processes  on  R+.  In  particular,  the 
continuous  time  ergodic  theorem  yields  an  easy  direct  approach  to 
the  continuous  time  analogue  of  de  Finetti's  theorem  (though  under 
the  assumption  of  measurability) .  Much  deeper  is  the  spreading 
characterization  of  ergodic  exchangeable  processes  on  [0,1]  in 
Theorem  3.3  of  [11],  whose  proof  employed  some  martingale  techniques 
akin  to  those  below. 

Recall  (e.g.  from  [7j)  that  a  process  X  on  some  interval  I 

is  a  semimartingale  (with  respect  to  a  standard  filtration  r") ,  if 

X  is  right-continuous  and  adapted,  and  if  X=M+V  for  some  local 

martingale  M  and  some  process  V  with  locally  finite  variation  and 

V0=0.  Moreover,  X  is  a  special  semimartingale,  if  V  can  be  chosen 

to  be  predictable,  and  in  that  case  the  above  decomposition  is 

unique  and  will  be  called  the  canonical  decomposition  of  X. 

Associated  with  a  semimartingale  is  marked  point  process  £  and 

2 

a  continuous  increasing  process  c" ,  given  (for  Borel  sets  AcR 
with  OgA)  by 

-  I  1a<AX  >,  °V  =<xc,xc>  ,  tel,  (1) 

c  set  A  s  t  1 

c  c 

where  X  =M  is  the  unique  continuous  component  of  the  martingale 
part  M.  The  compensator  (dual  predictable  projection)  of  £  will  be 
denoted  by  For  special  semimartingales,  the  processes  V,  cr 


and  ^  will  be  called  the  local  characteristics  of  X.  (Note  the 
slight  deviation  from  common  practice,  in  our  definition  of  the 
first  characteristic  V.) 

The  continuous  time  counterpart  of  condition  (iii')  above  is 
to  assume  that  X  is  a  special  semimartingale  with  absolutely 
continuous  local  characteristics,  such  that  the  associated  densities 
may  be  chosen  to  be  martingales.  Here  absolute  continuity  is 
understood  to  be  in  the  time  parameter  and  with  respect  to  Lebesgue 

A 

measure  A.  In  case  of  %,  this  means  that 

A  ft 

5tA  =  J  YsA  ds'  te1,  (2) 

for  some  measure  valued  process  jj,  such  that  A  is  a  martingale 
in  t  for  every  fixed  A.  All  martingales  in  this  section  are  with 
respect  to  a  fixed  standard  filtration  r-,  and  we  shall  always 
choose  their  right -continuous  versions. 

Our  plan  for  this  section  is  first  to  show  in  Theorem  4.1 
that  the  above  condition  is  fulfilled  for  an  exchangeable  process, 
under  suitable  moment  conditions.  (We  shall  actually  prove  slightly 
more,  in  preparation  for  the  next  section.)  We  then  show  in  Theorems 
4.3  and  4.4  that  the  stated  condition  is  also  sufficient,  under 
appropriate  additional  assumptions,  for  a  process  on  R+  or  £o,lJ 
respectively  to  be  exchangeable.  As  in  case  of  Proposition  2.1, 
the  sufficiency  assertion  fails  without  such  extra  conditions. 

In  what  follows,  we  shall  avoid  to  use  the  explicit  representation 
of  exchangeable  processes  stated  in  Section  1,  since  the  results 
of  this  section  will  then  provide  a  martingale  approach  to  the 
basic  representation  formula,  at  least  under  moment  restrictions. 


■or  .to 


wwwi; 


v  »  *  *  * 


S  V  •  * 


which  extends  by  right-continuity  to  arbitrarily  related  s  and  t. 


Thus  II  is  a  martingale  on  [0,1).  In  particular, 

ECVX.l?sJ  =  (1"s,”s  -  =  (t-S)Ms 


0<.s<.t<l , 


Writing 


7t  =  J  Msds '  te  [o,D  , 


and  noting  that 

-t  ft 

Ej  |  Mg  j  ds  =  ]  E  j  Mg  |  d  s  <  tE}Mt)^*»,  tt[0,l), 

since  |m j  is  a  submartingale,  it  is  further  seen  that 
E[vt“vs|?sJ  =  sfffyiu/FgJ  =  (t-s)Ms,  OcsctW. 

*5 

Thus  X-V  is  a  martingale  on  [0,1).  Since  V  is  predictable,  this 
shows  that  X  is  a  special  semimartingale  on  [0,1)  with  canonical 
decomposition  X=(X-V)+V. 

2 

Let  us  next  assume  that  EXt-^ft®.  By  Jensen's  inequality, 

EK2  <  E(X1-Xt)2/(l-t)2  =  E«*2  +  ^  E(cr2+  IQ2)  , 
so  by  Schwarz'  inequality, 

E  (  r  |  dv /  )  2  =  E\  \  I M  M  |  dsdt  <.  (\  (EM2 )  ^dt)  2  c  . 

wo  u  s  ^  ““  J0  ^ 

Thus 

sup  E  (X  -V  )  2  c  2EX?  A  2F  ( '?  j  dV  ] )  2  •*=-  , 

^  t  t  —  J 

so  X-V  is  uniformly  integrable  and  extends  to  an  L2~martingale 
on  [o .  lj  .  In  particular, 

E[al  +  Sx‘ (dx)J  =  F[X-V,X-V]1  =  E(X1-V1)":C  «®, 
which  implies  that  E^A^oo  for  Borel  sets  A  with  Oj£A. 

The  ^-exchangeability  of  X  is  clearly  inherited  by  the  processes 

2 

crt  and  We  may  thus  conclude  as  above  that  there  exists  a 
martingale  M ’  on  [0,1)  making  the  process 


a  martingale.  Since  M"  is  continuous  with  locally  finite  variation, 

it  follows  that  M"=0,  which  proves  the  desired  representation  for 

2  _  /•* 
crt.  Similarly,  is  compensated  by  the  process  in  (2),  with 

pt  chosen  as  the  measure  valued  martingale 

PtA  =  E[^lA"  ^tAl  ,  tfc  [0, 1)  .  (4) 

Let  us  finally  turn  to  the  general  case,  when  there  are  no 

moment  restrictions.  Let  us  then  assume  that  X  is  directed  by 
2 

some  triple  («,<x  ,{b)  ,  and  define  a  new  filtration 
2 

where  O’ =<3  (o, ,  o  ,  p)  .  (The  threefold  meaning  of  shouldn't  cause  any 
confusion.)  Then  X  remains  (^-exchangeable,  and  moreover 
-c  ao  for  all  t,  so  it  may  be  seen  as  above  that  X  is  a  special  Cj- 
semimartincale  on  £o,lJ  with  canonical  decomposition  X=(X~V)+V, 
where  V  is  now  given  by  (3)  with 

Mt  *  E[x1-xt|^t]  /  (l-t) ,  te[o,i). 

Since  7j.c.  for  all  t,  we  may  conclude  from  Theorem  9.19  of 

Jacoa  [7j  that  X  remains  a  semimartinaale  with  respect  to  “7.  Note 

2 

also  that  the  process  crt  is  absolutely  continuous,  since  this  is 
conditionally  true,  given  7. 

A 

To  see  that  £  remains  absolutely  continuous  in  the  general 

case,  fix  a  5orel  set  ?.cP,  with  Oik,  and  let  p v A  be  civen  by  (4) 

for  t>0 .  Then  p^A-«-xi  a.s.  by  Lemma  4.2,  anc  we  get  as  before 

EC«t 

s 

which  shows  that 

A  A  -t 

£fcA  -  =  f  p^A  du,  0<s<t<l. 

A 

Letting  s— >  0  and  noting  that  C0  =  0'  we  obtain  the  representation  (2 
V’e  turn  to  the  results  in  the  opposite  direction  and  becin 


9 by  9t=y  •'7' 


with  the  case  of  processes  on  R+. 


«  l  I 


Th==-i2=====  Let  X  be  a  special  seminartingale  on  F.  with 

stationary  increments  and  with  Xq=0  and  e£x,x3^<.0o,  and  assume 
2 

that  V,  a  and  ^  are  absolutely  continuous  with  martingale  densities 
Then  X  is  exchangeable. 


Proof .  Assume  that  X  is  compensated  by  the  process  V  in  (3) , 
for  some  martingale  M.  Then  V  is  xntegrable,  and  X-V  is  a  martingale 
since  E  [x,xj  ^  oo  ,  so  we  get  for  s< t 


E[VXS J 7s] =ELVVS 1 =E [fv" 1 7sH  E 

s 

In  particular, 


t 


ECxs+h"xsKsJ  * h  E[>:t+rxti9sh  0is^'  h>0'  ‘ 

where  (j  =  )  denotes  the  standard  filtration  generated  by  X. 

Let  us  now  extend  X  to  a  right-continuous  process  X1  on  R 
with  stationary  increments,  and  define 

*s  =  aixs"xs-h'  h>°}‘  S-°- 

Let  us  further  write  f  for  the  cJ-field  generated  by  all  shift- 
invariant  functions  of  the  increments  of  X1,  and  note  that  fc.U 

s 

a.s.  for  all  s.  From  the  stationaritv  of  the  increments,  it  is 
easily  seen  that  (5)  remains  true  with  C  replaced  by  C  v  ft  , 
and  hence  also  by  9s*  9S-  * 

Applying  the  ergodic  theorem  to  the  right-hand  side  of  (5) 
yields 


EfWxs(9i  - h  Etxil«’  s'hJ°- 

A  similar  argument  shows  that 

E£*S+hA-?sAfe3  =  h  E[^A|/J,  s  ,  h  >0  , 

ECC7s+h"CTs|£?s3  =  h  ECal  I*!' 

Thus  the  processes 

Xt-tE[Xijfj,  ^tA-tE[§1A|fJ 

are  C' -martingales,  while 


t  >0 , 


±  ~ 


■»  V 


This  means  that  X  is  a  special  '-martingale  with  linear  and  f- 
measurable  local  characteristics.  It  then  follows  as  in  Theorem 
3.57  of  Jacod  [7j  (cf.  £8})  that  X  is  conditionally  a  Levy  process, 
given  'f.  Hence  X  is  a  mixture  of  Levy  processes,  and  therefore 
exchangeable.  & 

We  turn  to  the  case  of  processes  on  [0 ,  .  Here  the  stationarity 

assumption  in  Theorem  4.3  will  be  replaced  by  a  suitable  constraint 
at  the  terminal  point.  The  following  result,  in  conjunction  with 
Theorem  4.1  above,  yields  a  complete  martingale  characterization 
of  ergodic  exchangeable  processes  on  £o,lJ.  The  corresponding 
characterization  of  finite  exchangeable  sequences  is  the  martingale 
version  of  Proposition  2.3  in  [11]. 

Theorem!. 4.  Let  X  be  a  uniformly  inteorable  special  semi- 


martingale  on  [0 ,  l]]  with  XQ=0  and  non-random  ,  o*  and  ^  ,  and 

2  A 

such  that  V,  cr  and  £  are  absolutely  continuous  with  martingale 
densities  on  £0 , 1)  .  Then  X  is  ergodic  ~ -exchangeable . 

Two  lemmas  will  be  needed  for  the  proof. 

==2=§-— Let  B  be  a  Brownian  ^-martingale  and  S;  an 
f  —adapted,  marked  point  process  with  an  --compensator  which  depends 
predictably  on  ?.  Then  B  and  ^  are  independent. 

°roof ■  It  is  clearly  enough  to  show  that  Ef(B)g(£)=0  for  any 
bounded  measurable  functions  f  and  a.  Bv  Theorems  11.16  and  12.23 


in  Jacod  [7j,  there  exist  predictable  processes  V  and  with 
'■  V?ds  OV  d}  <rac, 

*'  S  S  f  X  'S  ,  X 

and  such  that  f(B)=M  while  o(^)=N  ,  where  >'  and  !•  denote  the 


martingales 


M.  =  f  V  dB  ,  =  f  f  W  d(€-£) 

t  Jq  s  s'  t  J 0J  s,x  s  s,x' 


In  fact,  this  is  all  true  with  respect  to  the  filtrations 

A 

generated  by  E  and  £  respectively.  Put  by  assumptions,  £  remains 
the  ^-compensator  of  ^  while  B  remains  an  r-martingale .  Moreover, 

M  is  continuous  while  N  is  purely  discontinuous,  so  K  )  N,  and  we  get 
Ef (B)g(C)  =  EM  H  =  0.  O 

20  JO  1 

Lemmi^l^e^  Let  X  be  an  exchangeable  process  on  [0 ,  l]  directed 
b£  Then  [x,x]1=cr2  +  J(32 . 

This  result  was  obtained  in  [10}  by  cumbersome  arguments.  Here 
is  a  simple  martingale  proof. 


Proof .  Ke  may  clearly  take  (o < ,<y  ,ft)  to  be  non-random  witho<=0. 


In  that  case, 

Xt 

M(t)  =  l4  =  crl-t 


*  f?  l{Ts<t}-t 

1  +  X  %  - 2 -  =  X  M .  (t) 

=  1  ^  1-t  j=0  " 


is  an  orthogonal  decomposition  of  the  L2--martingale  on  the  left, 
anc  we  get 

JO 

[M,MJt  =  I  [M ,,M  ]  , 

j  =  0  J  J 

which  yields  a  corresponding  decomposition  of  %X,xJ  .  It  remains 
to  notice  that  [&,Bj  =t,  since  Bt=W  -tW^  for  some  Brownian  motion  V.  Q 


Proof  of  Theorem.  4.4.  Let  N  be  a  right-continuous  version  of 

2 

the  martingale  density  of  cr£.  Fixing  se[0,lj,  we  get  a.s. 

S  Ntat  -  °i-°s  -  Et‘Ti-CTs!^]  - 

s  s  s 

Hence  N  is  a.s.  continuously  differentiable  and  satisfies  the 

differential  eauation 


-  N  =  (l-s)K'  -  N  ,  0<s<l , 

S  S  5 

50  a.s.,  and  we  get 

2  2 

ct^  =  tcr^  ,  tfc  £0  ,  lj  ,  a.s. 

c  2 

This  shows  that  X  is  a  Brownian  motion  with  diffusion  rate  . 


(6) 


Let  us  next  assume  that  £  is  compensated  by  the  process  £  in 
(2)  for  some  measure  valued  martingale  p.  Letting  P  c  P  be  a  Borel 
set  with  0<£A,  we  get  a.s.  for  any  se£c,lj 


^A-  £sA=E[^A-  esA I  ?sJ  =E[  ^ ptAdt  j  Fs]=  J  E  [ptA  l?J  dt=  (1-s)  pgA, 


so  by  right-continuity, 

ps  =  ( ?1-?g)/<l-s)  ,  sefO,!],  a.s.  (7) 

By  Lemma  4.5,  it  follows  in  particular  that  %  and  Xc  are  independent 
Let  us  finally  assume  that  X  is  compensated  by  the  process  V 
in  (3),  for  some  martingale  M  on  [0,1).  Then  V  has  integrable 
variation  on  compact  subintervals  of  [d,1),  and  X-V  is  a  martingale 
on  [0,1)  since 

[X-V,X-VJ1  =  cr 2  +  Jx2^1(dx)  <  <*>  , 
so  we  get  a.s.,  for  any  0<s<t<l, 


rL\-\/rs]= f[vt-Vs;?,:.EfJ  «udu;  :  3-J 


By  the  continuity  of  X  at  1,  the  uniform  integrability  of  X,  and 
the  right-continuity  of  X  and  M,  it  follows  that 


X,  -X  = 

1  s 

(1-S)M  ,  S€[0,1), 

s  *- 

ci  •  S  «  f 

so 

dX  =  -( 

l-s)dM  +  M  ds  =  d(X 

-V  )  +  dv 

s 

s  s  s 

s  s 

and  therefore 

rt 

«t  _s  d  (X  -V  ) 

vt  -  J0*VS  * 

-  ds  f  r— —  , 

J0  J0  1-u 

t€[0,l)  , 

Let  us  now  consider  instead  an  ergodic  exchangeable  process 
X'  on  [0,lj  directed  by  (Xj,o^,^).  Theorem  4.1  shows  that  X  is  a 
special  semimartingale  with  respect  to  the  induced  standard 
filtration,  and  that  the  local  characteristics  of  X’  are  absolutely 
continuous  with  martingale  densities  on  [0,1).  Since  X'  is  further 
L2~bounded  and  hence  uniformly  integrable,  everything  said  above 
for  X  applies  equally  to  X'.  In  particular,  (6) -(8)  remain  true 


for  the  processes  o'  >  f' •  £'  an^  v'  associated  with  X'. 

As  for  X  above,  it  is  seen  that  X,c  is  a  Brownian  motion 

2  2 

independent  of  ,  and  since  =cr^  by  Lemma  4.6,  the  diffusion 

rate  is  the  same  as  for  Xc.  Since  the  functional  dependence  in  (7) 

is  the  same  for  S,  and  f?'  ,  it  may  further  be  seen  from  Theorem  3.42 

of  Jacod  [7J  that  £'  =  £ ,  so  f,  and  hence  X'-V  =  X-V. 

£ 

We  may  next  infer  from  the  two  versions  of  (8)  that  (X'-V'jV1)  = 
(X~V,V) ,  which  implies  that  X'  =  X.  Thus  X  is  exchangeable. 

To  reach  the  stronger  conclusion  of  ^-exchangeability,  it 
suffices  to  fix  an  arbitrary  s£.fO,l),  and  to  check  that  the  preceding 
arguments  apply  tc  the  conditional  distribution  of  X  on  the 
interval  [s,l].  given  the  cr-field  We  omit  the  details  of  this 
verification.  0 

We  conclude  this  section  with  some  remarks.  First  we  show  by 
an  example  that  the  last  two  lemmas  are  false  without  the  additional 
assumptions  of  stationarity  of  the  increments  or  of  non- randomness 
of  the  local  characteristics  at  the  terminal  point.  Let  us  then  take 
^  to  be  a  simple  point  process  on  R+ ,  such  that  the  restriction  to 
[0,lj  is  a  mixture  of  Foisson  processes  with  intensities  1  or  0 , 
where  each  possibility  is  chosen  with  probability  H .  On  the  remaining 
interval,  we  choose  £  to  be  Poisson  with  intensity  1  or  (1+e)  , 

depending  on  whether  or  not.  It  is  then  easy  to  verify  that 

A 

the  density  of  t;  is  a  martingale.  But  £  fails  to  be  exchangeable, 

since  P  =0}=b ( l+e"1 ) ,  while 

1  -1 
p{S2"*l=0}  =  ^  d-e”1)  e”1  +  H(l+e"I)e'(1+e)  . 

As  a  second  remark,  we  shall  sketch  how  the  above  results  may  be 

combined  to  yield  a  simple  martingale  approach  to  the  representation 

theorem  for  exchangeable  processes  on  [0,lJ.  Let  us  then  assume  that 

the  process  X  on  [0 ,  lj  is  exchangeable,  intearable,  and  continuous 


in  probability  at  every  fixed  point.  Then  Yfc= (X^-X^ / (1-t)  is  seen 
to  be  a  martingale  on  [0,1) ,  so  X  must  have  a  version  in  D[o,l3  . 

Note  also  that  {X/X]^;*  a.s.,  since  the  exchangeability  of  X 
carries  over  to  £x,x}.  Since  X  remains  conditionally  exchangeable, 
given  the  triple  (X1 ,  [x,X] ^ ) ,  we  may  assume  that  X^,  [x ,  x]  ^  and 
are  all  fixed.  Then  EYt  <  ,  so  even  EX*  ao  .  It  may  hence  be 

seen  as  in  Theorem  4.1  that  X  is  a  special  semimartingale  on 
whose  local  characteristics  are  absolutely  continuous  with  martingale 
densities  on  £o,l).  Note  also  that  X  is  uniformly  integrable  on 
[0,lj,  since  EX*  is  bounded.  The  hypotheses  of  Theorem  4.4  are  then 
fulfilled,  so  the  desired  representation  formula  follows  as  in  the 
proof  of  that  theorem. 


n 


5i_Prgdictagl§_transformatign§_ig_c2n£igu2g|_time 

Our  aim  in  the  present  section  is  to  prove  continuous  time  versions 
of  Theorems  3.1  and  3.2.  Let  us  then  fix  a  standard  filtration  ?, 
and  recall  from  Section  1  the  definition  of  an  r-exchangeable  process. 
Recall  also  our  definition  of  tne  transformed  orocesses  XV  ^ .  The 
stochastic  integrals  occurring  in  the  definition  exist  by  Lemma  5.2 
below. 

TbggLSffi-lili  Let  X  be  an  ^-exchangeable  process  on  I=[0,lJ  or 
R+,  and  let  the  process  V  ori  I  be  r~-predictable  with  values  in  I ^ { *»]  , 
and  such  that  Av  ~=A  a.s,  on  some  interval  J C I  containing  0.  Then 
xv"1  =  X  on  J.  (1) 

Since  (XV  *)  is  only  defined  a.s.  for  each  t,  (1)  should  be 
interpreted  as  a  relation  between  the  finite-dimensional  distributions. 
However ,  (1)  implies  that  XV-1  has  a  right-continuous  version  with 

left  hand  limits,  and  for  the  latter  there  is  clearly  equality 
between  the  distributions  on  the  Skorohod  space  D(J). 

Two  lemmas  will  be  needed  for  the  proof. 

=I^S‘I=SiI=  Let  -v  be  an  ^-exchangeable  process  on  1=  fo .  lj  or  R  , 
and  let  A  C I  be  predictable  with  A  A  oc  a.s.  Then  the  stochastic 
integral  J"l^dX  exists.  Moreover  J*1A  dX  0  whenever  .  .  .  c  I 

p  n 

are  predictable  with  AA^ — *  0 . 

Proof .  Let  us  first  consider  the  case  of  processes  on  [0 ,  l]  . 
Changing  the  filtration,  as  in  the  proof  of  Theorem  4.1,  and 
applying  Theorem  9.26  of  Jacod  [7],  we  may  reduce  the  discussion 
to  the  case  when  X  is  conditionally  ergodic  exchangeable,  given  7^. 

But  then  Theorem  4.1  shows  that  X  is  a  special  semimartingale  on 
£0,13#  with  a  canonical  decomposition  X=M+V  such  that  both  <K,M> 
and  V  are  absolutely  continuous.  The  existence  of  the  stochastic 


s ->:• 


Svi 
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integrals  Jl^dX  follows  imnediately  from  this.  To  prove  the 

convergence  assertion,  consider  an  arbitrary  subsequence  such  that 

AA  — *>  0  a.s.  Then 
n 

lim  fl,  fdV  |  =  lim  (V  d<M,M>  =  0  a.s., 

n-*>,  J  An  n-*jb  J  f‘n 

which  yields  the  desired  conclusion. 

For  processes  on  R+.  we  may  reduce  as  above  to  the  case  when 
X  is  conditionally  a  Levy  process,  given  In  this  case  we  get 

a  decomposition  X=M+V+J,  where  V  is  linear,  while  M  is  a  local 
martingale  such  that<K,M>  is  linear,  and  J  is  conditionally  a 
compound  Poisson  process.  For  integrals  with  resoect  to  M+V,  the 
existence  and  convergence  assertions  follow  as  before,  so  it  remains 
only  to  consider  integrals  with  respect  to  J.  Letting  N  denote 
the  associated  mixed  Poisson  process,  it  is  seen  from  the  results 
for  M+V  that  Jl^dN  exists  and  that  Jl^  dN  0.  Since  the  integrals 
j"lAdN  and  JlA(ldJ!  are  simultaneously  finite  and  simultaneously 
zero,  the  corresponding  statements  then  follow  for  J.  0 

. 3j.  let  A,,...,  A  be  cisioint  predictable  sets  in  r0,l" 

of  equal  length  n  ,  and_fix_an  £>0.  Then  there  exist  some  integer 

mcN  and  some  disjoint  predictable  sets  .  .  . .  ,A/  of  equal  length 

n  such  that  each  A ^  is  a  union  of  intervals  ( ( j-l)m_1 , jm_1J, 

and  such  that  moreover 
n 

X  (3*P)  (A,4A!)  *  £  .  (2) 

j-1  3  3 

Proof .  Recall  that  the  restriction  of  the  predictable  cf-field 
to  the  interval  (0,1]  is  generated  by  the  stochastic  intervals  of 
the  form  (o‘,T],  where  ff  and  T  are  rational  valued  stopping  times 
in  [0,1].  From  this  it  follows  easily  by  a  monotone  class  argument 
that  any  predictable  set  in  £0,lJ  can  be  approximated  arbitrarily 
closely  in  measure  A  *  P  by  a  predictable  union  of  intervals 


Ij=((j-l)m  ,jm  J,  with  m  a  fixed  multiple  of  n.  This  implies  in 
particular  that  the  process  can  approximated  in  L,  (AXP) 

_  Aj  1 

by  a  process  of  the  form  2^u  '  w^ere  uif,,,'Un  are  disjoint 
predictable  interval  unions  as  above  with  union  (0,lj .  Taking  the 
error  to  be  less  than  £/n,  we  get 


El  }}lV-n  |  <  2_  (>xP)(A.AU  )<  £/n. 

j  =  l  -  j  =  l  33 

Let  us  now  define  the  variables  >^,...,0^  by  the  condition 

q£=k  if  I  .  C  U,  ,  j=l,...,m,  k=l,...,n, 

3  3  K 


and  put  recursively 


*3  '  1 


\«r 


if  Z  l{<*j  =  ^)-<  m/n- 
i<  3 


i  min  k:  >  ljtx.'=kl.v  r/n  -,  otherwise. 
i<j  "  1 


It  is  then  easily  seen  that  the  sets 


v  =  U  d,:  ^=kv,  k*l....,n, 

*  j=lt  3  3  J 


are  disjoint  predictable  unions  of  I.,..., I  of  equal  lenath  n~  . 

1  m 

Moreover,  {?.)  follows  from  (3)  and  the  fact  that,  by  construction 


IXU.AA!)  ^  (n-1)  ^  l>u  .  -  n* ;  . 
j=l  J  3  j=l’  3 


Proof  of  Theorem  5.1.  Let  us  first  assume  that  I=J=[o,lj.  By 
the  right-continuity  of  X  and  by  dominated  convergence  for 
stochastic  integrals,  it  is  then  enough  to  prove  that,  for  fixed  n 

(enl' - ^nn*  "  (rlnl - 'Inn*  '  (4 

where  and  denote  the  increments  of  X  and  XV  ^  respectively 

over  the  interval  Inj = ( ( j-1) n”1 , jn-1J .  Note  that 

*!nj  =  J^A  .dX'  j  =  1'  *  ’  •  'n' 
where  A^  denotes  the  predictable  random  set 

Anj  =  {tfeI:  Vt*Tnj}'  j*l » • • • »n. 


Consider  first  the  case  when  each  set  A  .  is  a  union  of  m/n 

n;j 

randomly  selected  intervals  1^,  for  some  multiple  m  of  n.  Then 


m/n 

Ini  *  I  t 


k=l  m'Tjk 


for  some  functions 


Tji<-  . . .  <  m/rn» 


j  =  1  ,  •  •  •  ,  n  , 


2  —  1/  •  •  •  t  n  • 


Write  (j  for  the  discrete  filtration  C.=  r  ,  j=0,...,m,  and 

^  jm 

note  that  (^ml, . . . ,  is  ^-exchangeable ,  while  the  73^  are 

^-predictable  stopping  times.  Hence  Theorem  3.1  yields 


“  ^ml  '  *  *  •  '  *  ' 


. 11  '  n,m/n 

and  (4)  follows  by  a  suitable  summation  on  each  side. 

In  the  case  of  general  sets  A^ ,  it  is  seen  from  Lemma  5.3 

that  Ani**..»Ann  can  be  approximated  in  { A  *  P) -measure  by  disjoint 

predictable  sets  B  B  of  ecual  length  n’1,  and  such  that 

ml  mn  = 

each  B  .  is  a  union  of  randomly  selected  intervals  I  ,  .  As  shown 
m3  mk 

above,  we  get  for  each  m 

dx .  \lp  dX)  ^  (S  . S  ).  (5 

ml  mn 

Moreover,  it  is  seen  from  Lemma  5.2  that 


j  XB  ,dX 
n>3 


jlA  dX  as  m-r  ,  j  =  l,...,n. 

nj 


Hence  (5)  remains  true  with  the  sets  B  .  replaced  by  A  and  the 

^3  ~  nj' 

assertion  follows. 

Retaining  I=[0,l],  we  turn  to  the  case  when  J=[0,pj  for  some 
p<l.  We  may  then  construct  another  predictable  process  U  on  I  by 
putting 

r  v  v  <P, 

Ut  =  • 

1  A^S^t:  V^>p^ ,  V^>p. 

Noting  that  we  may  conclude  as  above  that  XU~^  d  X.  Since 

moreover  XU_1=XV~*  on  J,  the  assertion  follows. 


If  instead  I=R+  while  J=[0,lj,  say,  we  may  define  the  processes 


un(t)  - 


inf^sfeJ:  s-}^r<n:  Vr<s]=t-nJ-,  t>n. 


Then  each  U  is  predictable  with  =1  on  J  and  U  1 J  c  [0 , nJ  17  , 

n  n  '  n  J 

so  the  result  for  processes  on  finite  intervals  yields  XU  ^  =  X 


on  J.  Since  moreover 


A{s>n:  Un(s)<t}  =  >-Ls>n:  Vg<_t} 


0  a  .  s  . 


by  dominated  convergence,  as  n-*-  k>  for  fixed  t€J,  we  get  by 
Lemma  5 . 2 

X5 

{XUn1)t_(XV"1)t  =  J  {1{Un(s)it}-1{vs<t>)dx  ^  0, 

n 

so  the  finite-dimensional  distributions  of  XU  ^  on  J  tend  weakly 
to  those  of  XV  ^ ,  and  the  assertion  follows  again. 

with  regard  to  applications,  it  is  useful  to  extend  Theorem 
5.1  to  the  case  when  V  is  only  measure  preserving  on  some  interval 
of  random  length.  Recall  from  Lemma  5.2  that  XV  ^  is  defined  at  t 
if  ^-[s;  V^tj-^  oo  a.s.  In  general,  it  can  be  defined  by  localization 
on  the  random,  set  A„  =  ^iS:  V  <ty <-  »} . 

"’heprem  5.4^  Let  X  be  an  ~-exchanqeabl e  process  on  I=[0,lJ  ojr 


and  let  the  Drocess  V 


oredictable  with  values  in 


I  u  ^<w}.  Put 


4=  sup  ^t>0  •  },\s:  vg<t}=t}, 


_  i  c 

and  let  Y  denote  the  restriction  of  to  1.0,5)  .  Then  Y  c.  X. 


Note  that  the  process  Y  is  well-defined  on  [0,5)  >  since 
{5>tjCAt  for  each  t.  The  theorem,  states  that  Y  can  be  extended  to 
a  process  on  R+  with  the  same  finite-dimensional  distributions  as  X 
As  before,  this  yields  the  existence  on  £o,£)  of  a  right-continuous 
version  with  left-hand  limits. 


The  core  of  our  proof  consists  in  constructing  a  measure 
preserving  process  V’,  to  replace  V  in  the  definition  of  y.  This 


will  essentially  be  accomplished  by  the  next  two  lemmas. 

=i55'£=I=ii  Tiet  P+— r  P.  be  measurable  with  Af-1^.  A  on  some 

interval  j[0,p).  Define 

gt  =  sup{x>0:  A{s<t:  fsc  }<A  on  £o,x)J-,  t >0, 
and  put  h=f+«*-l^f>g} .  Then  Ah-1*.  A  on  p  ,  and  we  have  h=f  on  the 
set  where  f<p.  _If  f  is  a  predictable  process,  then  so  is  h. 

Proof .  By  a  monotone  class  argument,  Ah-1<A  follows  if  we 
can  prove  that  Ah  *15  Al  for  every  finite  interval  I=[a,b )  with 
dyadic  endpoints.  For  this  purpose,  define 
gn(t)  =  2  n[2ngtJ,  t  >0 ,  nttf, 
and  note  that  q  ♦  g.  Hence 

A{s:  fg*I,  fs<9n(s)l  fcel,  fg<gg}  *  Ah_1I  , 

so  it  is  enough  tc  show,  for  large  n,  that  the  left-hand  side  is 
bounded  by  Al.  V?e  may  then  assume  that  I=[(k-1)2  n,k2  n)  for  some  k 
nut 

t  ■  infts>0:  as  <  k2~n^, 

and  note  that  g  >k2  n,  since  q  is  left-continuous.  Note  also  that 
g  (s)<  (k-l)2  n  for  ail  s>t.  Using  the  definition  of  g,  we  hence 
obtain 

A {s:  fs<gn(s)}  =  A{S£t:  fsei/  <  Al, 

as  required.  The  second  statement  follows  immediately  from  the  fact 
that  q>p . 

If  f  is  predictable,  then  A{sct:  ffclj.  is  ^-measurable  for 
every  t  and  I,  by  Fubini's  theorem,  and  hence  so  is  the  event 
{9t>x}  =  0{'A{s<t:  fsd)<  >1}, 

where  the  intersection  extends  over  all  rational  intervals  I  in 


[0,x) .  Thus  g  is  adapted,  and  since  it  is  also  left-continuous, 
it  must  be  predictable,  like  f.  Hence  so  is  h.  , 

^§mga_5i^i  Let  f:  £o,l3 — >  £0,1]  umo}  be  measurable  with  Af  A 
on  f  0 ,  lj  and  M  ~= A  on  some  interval  [ 0 , pj  .  Define 

9t  =  inf|x£[0,lj:  x=l-A(s<t:  f^x}}^  tt[0,lj, 

and  put  h=fAg.  Then  Ah  ^=A  _on  £o ,  lj  ,  and  h\p=fAp  a . e .  2.  _If  f  is 
a  predictable  process,  then  so  is  ht=ftAgt_. 

Proof.  Since  A<s<t:  f  >xj-  is  continuous  in  x  for  fixed  t, 

-  i  —  s  ■> 

with  values  t<l  at  0  and  A{s<_t :  f  *  *aj-  >0  at  1,  the  set  of  solutions 
to  the  eauation 

X  =  1  -  A(s<t:  fs>xj  (6; 

forms  a  non-empty  closed  set.  In  particular,  solves  (6)  at  t. 
Note  also  that  gt  decreases  from  1  to  0 .  Substituting  x=g^  in  (6) 
and  letting  t-*-t'  from  above  and  below,  it  follows  easily  that 
both  gt , +  and  gt,  solve  (6)  at  t',  and  the  same  must  then  be 
true  for  every  intermediate  value.  This  shows  the  existence,  for 
every  xt  [0 , 1 J  ,  of  some  t=txt[0,lj  ,  such  that  x  solves  (6)  at  t 
and  moreover  gt+<_x<gt_  • 

Let  us  now  assume  that  x  is  such  that  A^s.  gs=xj-  =  0.  Then 

A|s:  hg>xj-  =  A^s<t:  hg>x|  =  A.jS^t:  f^xj-  =  1  -  x. 

Since  the  set  of  x's  with  the  above  proDerty  is  dense  in  Q0 . 1]  , 
it  follows  that  Ah  ^  =  A.  In  particular  we  get  A(h-sp)  ^  =  A(fAp)  ^ , 
so  A(f Ap-hAp) =0 .  Since  the  integrand  is  non-negative,  it  follows 
that  hAp=f*p  a.e.  A. 

If  f  is  predictable,  then  A{s*t:  fg;>xi  is  ^.-measurable  for 
every  t  and  x,  and  hence  so  is  the  event 


Lemma  5.8.  Let  I=R  ,  and  assume  A  eF  <  3  ,  n£N,  and  Fc?L  to 
==========  -  + - n  n  n  -  — 

be  such  that 


1_  -*  0  . 
F  n 


Then 


I 


1A  ax  -  0. 

n 

Proof.  Let  T  denote  the  tail  cr-field  for  the  increments  of  X, 


and  write 


5  =  P[-  !r  v7j,  E  =  Ef-  iJ'T], 

n  LinJ  n  *-  I  n  J 


n€N, 


Assuminq  without  loss  that  — >0  a.s.,  and  writina  g(x)=l~e 

n  '  3 


Ixl 


ve  cet 


=  lF9<*An> 


0 


a.s., 


P  P 

-\  ■  -v  n  r  n 

since  A  A  is  r  -measuraole.  Hence  /4A  — *■  0  a.s.  on  F,  where  — > 
n  n  n 

denotes  converoence  in  probability  with  respect  to  the  conditional 

law.  Now  X^=©n» X-X (n)  is  conditionally  a  Levy  process  independent 

of  n  (cf.  Ill])  ,  and  moreover 

I  =  fl*  dX  =  fl„  d.X  ,  n€N . 
n  J  A  J  A  -n  n 

n  n 

where  the  definitions  of  stochastic  inteqrals  are  the  same  under 


F  and  (cf.  Theorem  S.26  in  [7]) .  Thus  Lemma  5.2  shows  that  even 
Pn 

I  n — *■  0  a.s.  on  F ,  so  by  dominated  convergence 

E  fp  F  •  c  ( I  )]  =  E,'1_E  q(I  )]  —  0, 

*-n  nJ  -  F  n  n  u 

which  means  that  r  F^i  L».  0.  It  remains  to  notice  that  P  F — +■  1„ 

n  n  n  F 

a.s.  by  martingale  theory. 

We  shall  finally  need  an  elementary  result  on  weak  converoence 
in  the  function  space  D(R+)  with  the  Skorohod-Stone  topology  (cf.  [ 

Recall  that  k  denotes  killing  at  t.  The  coffin  state  9  is  regarded 
as  isolated  in  R  |  £  j  .  v] 


Lemma  5.9. 


be  random  elements 


^ e t  X  f  X ^  ,  X ^  ,  •  •  •  ano  ^  ^  ^  ^  /  *  *  * 
in  D (R , )  and  R,  respectively,  and  assume  that  (X  ,T  ) 

-  -t-  -  +  - s - * -  fl  n 

with  respect  to  the  Skorohod-Stone  topology  on  D ( p  ) . 


k  ^  «X 
pTn  n 


k  «X 
pt 


for  pt  [0  ,  lj  a  .  e .  A . 


(X,T) 

Then 


(7) 


Proof .  It  is  easy  to  check  that  the  mapping  (x;t) — *■  k^x  from. 
D(R+)*R+  to  D(R+,R«i3|  )  is  continuous  at  t=  *o ,  and  also  at  every 
(x,t)  with  t<x>  and  such  that  x  is  continuous  at  t.  Thus  (7)  is 
true  for  every  pt[0,lj  such  that  X  is  continuous  at  pT  a.s.  on 
^T-*-  *>}  •  But  conditionally  on  that  event,  the  process  '/p=xD— »  pfefO,! 
has  paths  in  D[0,1],  so  Y  has  an  at  most  countable  set  of  fixed 
discontinuities  (cf.  1.2]).  It  remains  to  notice  that  X  is 
continuous  at  pT  iff  Y  is  continuous  at  n. 

Proof  of  Theorem  5.4.  Let  us  first  assume  that  I=[o,lJ.  By 

Lemmas  5.5  and  5.6,  there  exists  a  predictable  process  V  with 

/\V'  "*■=/  a.s.,  and  such  that  V=Y  a.e.  A  *  F  on  the  set  V  *Y 1  <  £  . 

s  s  s  s 

-1 

Putting  Y ' =XV 1  ",  it  is  seen  from  Lemma  5.7  that  v  and  Y'  represent 
the  same  process  on  [0,0 .  Since  moreover  Y'  =  X  by  Theorem  5.1, 
it  follows  that  Y  c  X. 

Let  us  turn  to  the  case  when  I=R+.  By  Lemmas  5.5  and  5.7,  we 
may  assume  that  AV  a.s.  on  P  .  For  every  n£-N,  we  define  a 
predictable  process  U  by 


V 


t' 


un(t) 


oo  , 


L  inOs^O:  s-A^r«-n:  \7r<  s^}=t-nj  , 

Since  clearlv  AU  a.s.,  we  have  Y  =XU-^  =  X 

n  n  n 

It  follows  in  particular  that  the  sequence  of  pa 


tyVtcn, 
t<n«.Vt , 
t>n . 

by  Theorem  5.1. 

irs  (Y  ,C)  is  tiaht 
n  7 


39 


in  D(R+)'.K+<  so  [Y ^  >  $)  ( X  *  ,  ^ ' )  along  some  subsequence  N'cN, 

for  some  process  X’  =  X  and  some  random  variable  t,'  =  By 
Lemma  5.9  it  follows  that 

k  «Y  <L>  k  ,"X\  rt[0,l]  a.e.y\  (ncN’l. 

pc  n  PC  w  -1 

On  the  other  hand,  we  have  for  fjxed  t>0 

X  {s  >n :  Un(s)<_t}  =  A->s»n-  Vs<ti-  — *•  C  a.s.  on  jtc£>, 
so  Lemmas  5.2  and  5.8  yield 

ltt<!;J-  (Y  (t)  -  Yn(t) )  =j  (l\Vs5t}-l(un(s)<tJ)dXs  ?--►  0, 
which  shows  that 

(kPC°Yn)t  ^  (kpc°Y)t'  t«R+. 

Comparing  this  with  (8)  yields 

kp?*v  =  kp<;,.X'f  p€[o,l]  a.e.  A, 

so  the  same  relation  must  be  true  for  p=l.  But  then  Y  X’ 
by  Lemma  1.1. 


(8) 


□ 
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